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Abstract

Utilizing the idea of pre-open set, we present and study topological properties of pre-limit points, pre-derived sets,
pre-interior and pre-closure of a set, pre-inside points, pre-line, pre-frontier and pre-outside. The relations between
pre-derived set (resp. pre-limit point, pre-inside (point), pre-line, pre-wilderness, and pre-exterior) and a-derived

set (resp. a-limit point, a-inside (point), a-line, a-outskirts, and a-outside) are explored.
Keywords: Prelimit Point, Pre-derived sets, Pre- Closure, Pre-open sets, Topology
Introduction

The thought of a-open set was presented by Nastad. From that point forward it has been broadly explored in a few
written works. In Caldas presented and concentrated on topological properties of a-derived, aborder, a-wilderness,
and a-outside of a set by utilizing the idea of a-open sets. The idea of pre-open set was presented by Mashhour et
al. In this paper, we present the ideas of pre-limit points, pre-derived sets, pre-inside and pre-closure of a set, pre-
inside points, pre-line, pre-wilderness and pre-outside by utilizing the idea of pre-open sets, and study their

topological properties. We give relations between pre-derived set (resp. pre-limit point, pre-inside (point), pre-line,
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pre-boondocks, and pre-outside) and a-derived set (resp. alimit point, a-inside (point), a-line, a-boondocks, and a-

outside)

2. PRELIMINARIES

Through this paper, (X..7) and (Y,.#") (simply X and V') always mean
topological spaces. A subset A of X is said to be pre-open [11] (respec-
tively, av-open [14] and semi-open [13]) if A C Int(Cl(A)) (respectively, A C
Int(Cl(Int(A))) and A C Cl{Int(A))). The complement of a pre-open set (re-
spectively, an a-open set and a semi-open set) is called a pre-closed set (respec-
tively, an c-closed set and a semi-closed set). The intersection of all pre-closed
sets (respectively, a-closed sets and semi-closed sets) containing A is called the
pre-closure (respectively, a-closure and semi-closure) of A, denoted by Cl,(A)
(respectively, Cla(A) and Cl.(A)). A subset A is also pre-closed (respectively,
c-closed and semi-closed) if and only if A = Cl,(A) (respectively, A = Cl,(A)
and A = Cl,(A)). We denote the family of pre-open sets (respectively, o-
open sets and semi-open sets) of (X,.77) by FF (respectively, .7® and .777).
Obviously, we have the following relations.

open set (closed set)

l

a-open set (a-closed set)

pre-open set semi-open set

(pre-closed set) (semi-closed set)

None of these implications is reversible in general.

3. PRE-OPEN SETS AND a-OPEN SETS

Definition 3.1 ([11, 14]). A subset A of X is said to be pre-open (respectively,
o-open) if A C Int(ClA) (respectively, A C Int{Cl{IntA))).

The complement of a pre-open set (respectively, an a-open set) is called a
pre-closed set (respectively, an a-closed set).

The intersection of all pre-closed sets (respectively. a-closed sets) containing
A is called the pre-closure (respectively, a-closure) of A, denoted by Cl,(A)
(respectively, Cl,(A)).

A subset A is also pre-closed (respectively, a-closed) if and only it A =
Cly(A) (respectively, A = Cl,(A)). We denote the family of pre-open sets
(respectively, a-open sets) of (X, .7) by 7P (respectively, 7).

Example 3.2. Let .7 = {&, X, {a}.{c.d},{a.c,d}} be a topology on X =
{a.b,e,d, e}. Then we have

T* = FU{{abed}.{a,ede}l},

TP = Fu{{c}.{d}. {a,c}, {a.d},{a, b e}, {a. b d},{a.c e},
{a,d, e}, {a,b,e,d},{a,b,e,e}, {a,b,d e}, {a,c,d,e}}.
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4. APPLICATIONS OF PRE-OPEN SETS

Definition 4.1. Let A be a subset of a topological space (X,.7). A point
x € X is said to be pre-limit point (resp. a-limit point) of A if it satisfies the
following assertion:

(VG € TP(resp. 7)) (z e G = GN(A\ {z}) £ @).

The set of all pre-limit points (resp. o-limit points) of A is called the pre-
derived set (resp. a-derived sef) of A and is denoted by Dy,(A) (resp. D,(A)).
Denote by D(A) the derived set of A.

Note that for a subset A of X, a point x € X is not a pre-limit point of A
if and only if there exists a pre-open set G in X such that

reG and GN(A\{z}) =2
or, equivalently,
re€G and GNA=2 or GNA={z}

or, equivalently,
zeG and GNAC {z}.

Example 4.2. Let X = {a,b, ¢} with topology .7 = {X,@,{a}}. Then we
have the followings:
(i) TP ={X,2,{a},{a,b},{a,c}}=9".
(ii) If A= {c}, then D(A) = {b} and D,(A) = D,(A) = @.
(iii) If B = {a} and C = {b, e}, then D,(B) = {b,c}, D,(C) = @ and
Dy(BuUC) = {b,c}.

Theorem 4.3. If a topology .7 on a set X contains only @, X, and {a} for a
fized a € X, then TP = 77,

Proof. Let a € X and let A be an element of .77. Then a € A. In fact, if not
then A ¢ Int(Cl(A)) = Int({a}®) = &. Hence A ¢ FP, a contradiction. Now
since Int(A) = {a}, we have

Int(Cl(Int(A))) = Int(Cl({a})) = Int(X) = X
which contains A, that is, A € . Note that . C P, Thus 5= = 7. O

Example 4.4. Let X = {a,b, ¢,d, e} with topology
T ={X,2,{a},{e,d}, {a,e,d}, {b,e,d, e}}.
Then
TP = {X, & {a}, {c}.{d},{a,c}, {a,d},{b,c}, {b,d}, {e, d},
{e,eb {d, e}, {a, b, e}, {a, b,d}, {a, e, d}, {a, e, e}, {a, d, e},
{b,c,d}, {b,c,e}, {b,d, e}, {c d e}, {a,b e d},
{a,b,e e}, {a,b,d, e}, {a, e d e}, {be,d e}}
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= {X,@, {a}.{c,d},{a,ec,d},{b,e,d},{e,d, e},

{a,b,e,d}, {a,c,d, e}, {b,e,d, e}}.

Consider subsets A = {a,b, ¢} and B = {b,d} of X. Then

D(A) ={b,d, e}, D,(A) =2,
Int(A) = {a}, Int,(A) = A,
Int,(A) = {a}, CL(A) = A,
Cl.(A) = X, CL(B)=B.
Cl,(B)={b,e,d, e}, Int(B) =&,
Int,(B) = B, Int,(B) = 2.

Example 4.5. Consider a topology
T ={X,@, {a}, {a, b}, {a,e,d}, {a,b,e.d}, {a, b, e}}
on X = {a,b,e,d,e}. Then

Tr

For subsets A =

{X, @, {a},{a, b}, {a,c},{a, d},{a, e}, {a,b,c},
{a,b,d}, {a,b, e}, {a,e,d}, {a, e, e}, {a,d, e}

{a,b,e,d}, {a,b,e,e}, {a,b d e}, {a, c,d e}}
T

{e,d,e} and B = {b} of X, we have

D(A) = {e,d} D(B) = {e}.

D,(A) =@ D,(B) =.
D.(A)=2 D.(B)=@.

Int(A) =2 Int(B) = &,
Int,(A) =@, Int,(B) =@,
Int,(A) =@, Int.(B) =@,
Cl(A) = {e.de}.  Cl(B) = {b).
Cl,(A) = {e, d, e}, Cl,(B) = {b},
Clpt{b*r‘”’J = {b&d} Clﬂ({b&d}} = {bfd}:‘
Int({b,d}) = @, Int,({b,d}) = &,

Int,({b,d}) = .

ISSN 2349-2819

Email- editor@ijarets.org

Lemma 4.6. If there exists a € X such that {a} is the smallest element
af (..‘?? \ {;a},g]._ then every non-empty pre-open set contains ﬂ[Gi | G; €
._‘?\[E‘};i=1f2,3,~--}.

Proof. If {a} is the smallest element of (7 \ {@}, C), then

ﬂ[GT | G € '-I?\{@}; 1= lazaaf"'} = {ﬂ}

Let A be a non-empty pre-open set in X. If a ¢ A, then Cl(A) C {a} and so

which is a contradiction. Hence a € A, and so the desired result is valid.
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Theorem 4.7. Let .7 be a topology on a set X. If there exists a € X such thai
{a} is the smallest element of (T \ {@},C), then T = FP,

Proof. 1t is sufficient to show that P C 7™ Let A € FP. If A = @, then
clearly A € 7%, Assume that A £ @. Then ¢ € A by Lemma 4.6. Since
{a} C Int(A), it follows that X = Cl({a}) C Cl(Int(A)) so that

AC X =1Int(X) C Int(Cl(Int(A))).
Hence A is an a-open set. O

Theorem 4.8. Let 7 and 75 be topologies on X such that 77 C FF. For
any subset A of X, every pre-limit point of A with respect to 75 is a pre-limit
point of A with respect to 5.

Proof. Let x be a pre-limit point of A with respect to .75. Then (GNA)\{z} #
@ for every G € Zf such that » € G. But .7 C ZF, so, in particular,
(GNA)\ {z} # @ for every G € .FF such that = € G. Hence z is a pre-limit
point of A with respect to 5. O

The converse of Theorem 4.8 is not true in general as seen in the following
example.

Example 4.9. Consider topologies 7 = {X, @, {a}} and
T ={X,@,{a},{b,c},{a,b,c}}
on a set X = {a,b,e,d}. Then
TP = U {{a,b}, {asc}. {a,d}, {a,b,c}, o b, d}, {a e, d} )
and
FF = F U {{b}, {c}.{a,b}.{a,c}, {a,d}. {a, b,d},{a.c,d}}.

Note that ZF € FF and ¢ is a pre-limit point of A = {a,b} with respect to
1. but it is not a pre-limit point of A with respect to 75.

Let (X,.7) be a topological space which is given in Example 4.4.

Take

A = {d,e}. Then Ext,(A) = {a} and Ext,(A) = {a,b,c}. Thus the reverse

inclusion of Theorem 4.45(1) is not valid. Let A = {b,e} and B = {¢,

d,e}.

Then Ext,(B) = {a} C {a.e,d} = Ext,(A). This shows that the converse of

(5) in Theorem 4.45 is not valid. Now let A = {d,e} and B = {¢}.

Then

Extp(AUB) = {a} # {a,b} = {a,b,¢} N{a,b,d, e} = Ext,(A) NExt,(B) which

shows that the equality in Theorem 4.45(6) is not valid. Finally let A =

{a.b}

and B = {c,d,e}. Then Ext,(ANB) = {a,b,c.d, e} and Ext,(A) UExt,(B) =

{a,c,d,e}. This shows that the equality in Theorem 4.45(7) is not valid.
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